It is shown that the density of the values set Τ n
Introduction
Let Τ k n be the nth coefficient of the discriminant function k z n 1 Τ k n q n , a cusp form of level N 1 and weight k 12, confer [1, Chapter 3] , [9, p. 20] , [22, p. 97] , [30, p. 13] for other details. The mutiltiplicative property Τ k mn Τ k m Τ k n , gcd m, n 1, see [11] , [22, p. 105] , indicates that subset of prime integers p : Τ k p 0 } is a multiplicative basis of the image Τ k ( ) { Τ k (n): n } of the nth coefficients Τ k n . The multiplicative span of the primes basis is believed to satisfy the asymptotic formula # Τ k n : n x x. It is also believed that the correspondence Τ k n is injective.
For the first case Τ n Τ 12 n , the lower estimate # Τ n : n x x 1 3 o 1 of the density of the value set of the nth coefficients Τ n of the discriminant function z n 1 Τ n q n , was proved in [28] . And in [7] it is shown that it has a lower bound (1) Τ n : n x x 1 2 e 4 log x loglog x .
Conditional results of the form # Τ k n : n x .999 x, k 12, 16, 18, 20, 22, and 26 , are proved in [24] . This note improves the lower unconditional estimate (1) of the value set to the following. Theorem 1. The density of the values of the nth coefficients Τ(n) of the discriminant function z n 1 Τ n q n satisfies the lower bound
The proof of Theorem 1 appears in Section 3. This result is an immediate consequence of Theorems 2 on the finite cardinalities of the subsets of integers V t p : Τ p t , where t 0, 1, 2, 3, ... is a fixed integer, and 2, 3, 5, ... is the set of prime numbers, which is proved in Section 3. The Lang-Trotter conjecture predicts that the cardinality of any of these subsets associated with cusp forms of level N 1 and weights k 4, are finite, see [10] , [16] , [23] . This is also implied by the Atkin-Serre conjecture
with Ε 0 arbitrarily small, see [17] , and [23] . Section 5 covers the singular case Τ p t 0. Section 6 covers the solutions set of the equation Τ p p t, t .
For the other modular forms of levels N 1 and weights k 3, the subsets V t can have infinite cardinalities, for example, the work in [4] for modular forms of weight k 2 and the corresponding subsets of supersingular primes. Other cases are discussed in [24] .
The nonvanishing results for the Taylor coefficients Τ z 0 n 0 of the expansions of the discriminant cusp form
at certain complex points z 0 z : e z 0 of the upper half plane are proved in [18] . In Section 4, it is shown that equation Τ p 0 for all primes p 2 arises as a singular case of the analysis for the case Τ p t 0. The usual discriminant function z n 1 Τ n q n is an expansion at the point at infinity z 0 .
Congruences
Given a fixed integer m , the congruences of the tau function can be used to derive Diophantine equations and criteria for the existence of integers solutions n 0, 1, 2, 3, ... of the equation 
A few of the congruences from the wide range of congruences for the tau function are the Niebur formula
the Lanphier formula
and the more recently developed formulas such as the convolution identities
where the last term is defined by the finite sum r n k 1 [19, p. 103] . The proofs of many other congruences are given in [3] , [20] , [21] , [22] , [5] , [6] , [31] , [32] , and similar references.
The simpler congruences such as Τ n n Σ n mod 30, see [3, p. 24] , do not offer sufficient flexibility to develop interesting criteria for equation (3), but certain combinations of other complex congruences as (5) to (6) do produce complex criteria suitable to investigate the solutions set of equation (3).
The Subsets V t
Let m be a fixed integer, and let Β : be an arithmetic function. The valence or multiplicity of the arithmetic function Β at m is defined by the cardinality of the subset of integers
One of the earliest problem on the valence of a function is the Carmichel conjecture for the Euler totient function : . This conjecture claims that V m 0 or V m n : n m > 1 for all fixed integer m 2 . There are partial results on this problem available in the literature. In this case, the associated Dirichlet series n 1 n n s Ζ s 1 Ζ 2 s is not derived from a cusp form. Exempli gratia, f z n 1 n q n .
In the specific case of the nth coefficient function Τ n of the discriminant function z , about two decades ago it proved that the subset of values V 2 t 1 n : Τ n 2 t 1 is a finite subset, see [17] . And very recently, a conditional result proved that the subset of values V t n : Τ n t is a finite subset for any fixed integer 0 t , confer [8] . The nth coefficient function Τ n is expected to be one-to-one for all nonzero integers t 0, but a subset of zero density. For example, V t n : Τ n t = 1 for almost all nonzero integers t 0. But that could be difficult to prove. Here it will be demonstrated that for any fixed ineger 0 t , the subset of values V t n : Τ n t is a finite subset unconditionally.
In light of the the multiplicative property Τ p q Τ p Τ q , gcd p, q 1, see [11] , [22, 
where X , Y are integers, and p is a prime variable. Any combination of the moduli specified by the system of congruences (9) can be selected; the choice of 4 for both congruences in (9) produces simpler equations.
For odd Τ p t 4 s 1, a reduction modulo 4 proves that the system of equations (10) has no solutions. Thus, suppose that Τ p t 2 s is even. Now it will be shown that this system of equations has finitely many integers solutions of the form ( p, X , Y ) . This is done in several steps. The system of partial derivative equations
does not have any integer roots X , Y , see [15, p. 150] . Moreover, it satisfies the congruences
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In particular, for any fixed nonzero even integer t 0, the By the Thue-Siegel theorem, it follows that it has finitely many integers solutions X , Y . Consequently, the subset of integer points is finite. That is,
Ergo, for each fixed 0 t , the cardinality of the subset of primes p : Τ p t 0 is finite:
this follows from (17) .
Assuming similar congruences such as (9) can be determined for Τ k n the nth coefficients Τ k n of the discriminant functions k z n 1 Τ k n q n of level N 1 and weights k 12, 16, 18, 20, 22, and 26, the same analysis, mutatis mutandis, should be applicable.
These are special cases of the Lang-Trotter conjecture for cusp forms of level N 1 and weights k 12, 16, 18, 20, 22, and 26. Specifically, it claims that for any fixed integer t 0, the subsets of primes
is finite.
Note 1.
More generally, the Thue-Siegel theorem states that a nonsingular algebraic curve C : f x, y 0 such as (10) has finitely many integer solutions, that is,
The precise information on the torsion groups C for algebraic curves of genus g 1 are given in [27] , et alii, some information on the ranks of such curves are given in [2] , [26] , and information on the sizes of the integral points are given in [29] . Τ p : p x x log x . This follows from Theorem 2, which proves that these subsets are finite. More generally, the multiplicative span of the cross product of d 1 copies generates a subset of integers
Proof Of Theorem 1
(22) Τ p 1 p 2 p d : p i x of cardinality Τ p 1 p 2 p d : p i x x log x d . For example, if d log x, then Τ p 1 p 2 p d : p i x x .
The Subset V 0
The interesting case t 0 was not considered in Section 2. In this case the system of equation (10) is singular, and it has infinitely many prime solutions p p 4 m 1 : m 2, 3, 5, 7, ... .
In fact, for Τ p t 0, the system of equations (10) 
Proof:
The system of equations (23) has infinitely many prime solutions p p 4 m 1 : m . By Dirichlet Theorem, this is a subset of primes of positive density. But, this contradicts the well known zero density result
see [14] , [16] , [21] , [23] , [24, Theorem 1.6] , and similar references. The cardinalities of these subsets of primes are compactly compared in the inequalities , where Ε 0 is arbitrarily small. Clearly, this is a contradiction, and it implies that Τ p 0 for all primes p 2.
The Subset V pt
There is some interest in counting the subset of primes By the Thue-Siegel theorem, it follows that it has finitely many integers solutions X , Y , Z . Consequently, the subset of integer points is finite. That is,
Ergo, the cardinality subset of the subset of primes p : Τ p p Z 0, Z is finite:
The inequality follows from (38).
